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Indices and Logarithmg

INTRODUCTION

In previous classes, we have read that if a is any real number and 1 is a natural number, then
a"=a xaxa.... ntimes

where a is called the base,  is called the exponent or index and 4" is the exponential form.
We defined

n 3 . .
A=landa"= (1) = -17 ,a#0. We note that 0° is not defined. It is called an indeterminant
a a

form.
For example:
1

1 0= 5= = '5=—=-—.

() 3=1, $=3.3333=23 55= £ =

(i) ﬁ"_l(zf_zzz_i (Zf:_l_:_l_:@.

5) +i\5) %555 125\5 S DL 2 8
g) 125
1 1 1

(i) (-2)°=1,(-2=(-2) (-2) (-2)=-8,(-2)3= —=—=—-=

Also, we have read the laws of exponents.

If a, b are rational numbers and m, n are integers, then the following results hold:

m

(i) am . an = gmn (i) (amyn = gmn (i) ‘;— =a"=1 g 20
m m
(iv) a™ . b™ = (abym (v) [%j = ‘;—m,b;eo (i) a0=1,a+0
(vz’i)a‘”z(%) S 20 T i e 0 g b
a

(ix) g% =a" a1 =>m=n.

In this chapter, we shall extend these laws when the base is a positive real number and the
exponents are rational numbers.

FRACTIONAL INDICES (OR SURDS)

We know that the square root of a positive real number a is that number which w

hen multiplied by
itself gives a as the product.

Thus, if b is the square root 4, then b x b=a i.e. b2 = 4.
The square root of the number 4 is denoted by Ja,sob=a.

The concept of square root can be extended to cube root, fourth root, ..., nth root, where
1 is a natural number.

Let a be a positive real number and n be a natural number, then Ya=b if and only if b" =a,
b>0.




DO X > 3 ] Ve y .
For example: Y8 = 2 because 23 = 8; Y243 = 3 because 3% = 243. Note that the symbol

\/—’ "used in \/g, Q/g, V243 is called the radical sign.

1
In the language of exponents, we write Wa =a".

1 1
So, in particular, we write 8 = 83 9243 = (243)5 etc.

2
Now let us try to understand what is 83 ?

There are two ways:

| 2 1)2

; z = 2 = L 5

e [83J =(B) =2=4 8 = (@) = (64 - Veh -4
| This leads us to the following definition:

If 2 > 0 is a real number and m, n are integers, n > 0, m, n have no common factors except 1,
then

LAWS OF EXPONENTS FOR REAL NUMBERS

Laws of exponents for real numbers are:

If a, b are positive real numbers and m, n are rational numbers, then the following results

; hold:
(i) a™ . a" = g™+ (i) (a™)" = gt (i) P gm=n
5 m m n
? i\ A M — m i, Ll : -n=(l) =i
(iv) a™ . b™ = (ab) () ( b) o (vi) a - "
f (wil) a"=b",n#0=>a="> (viii) a™ =a" = m =n provided a # 1.

NOIE & i

If p and g are different positive prime integers, then p™q"=plgk =>m=1land n = k.

e e e e

ILLUSTRATIVE EXAMPLES [

Example 1. Simplify the following:

3xty3 22 Y
(i) Bxty) (18x3y5)  (ii) ﬁ%ﬁ (i) (—;xg—] (iv) 272 .

Solution. (i) (3x%y3) (18x3y5) = 3.18.x%.x3.y3.y> = 54x7y8.

o e

(i) BtyP Bty ol gl k.
1835 188345 6 3 eyl
3
2 2\3 6
@) | -2 s ga
¥ (y3)? i

(iv) 372 = (27-2)1/3 = (27)-2/3 = (33)2/3 = 33 % (-2/3) = 32 = & o
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Example 2. Simplify the following:
12
1

3
i
(i) ((625)'5] (ii) (256) (i) 428 + 37 .

172

Solution. (i) ((625)-% g [(625)(-%){_%)]2 : [(625)%]2

lXZ l l 4)(1
= (625)8 = (625)% = (5%)4 =5 4 =51_5

3

3 =22X( 2) =2‘3=l

3
(ii) Note that 4 2 = (22) 2

= 4-% 1 1 1
(256)[ ] = (256) 8 = (28) 8 = 28*(“8) "

1
(i) Y28 = 37 = (28)8 + (7)3

L.CM. of 4 and 3 = 12, 50 write each number with exponent 12.
2 v} 4 =3
(28)* = ((28)°)2 and 72 = (7%)12
1
1

1 1
(28°)12  ((28)%)12 (28 x 28 x 28 \12
4/ . 37 = = A e e R R
28 + 37 1 (74 (7x7x7x7)

(7412
_1_ 1
___(4x4x4)12=(%)ﬁ_ 64
7 T 5 N7

3

Example 3. Simplify: (ﬂ)-z X [(E)_% + (.5_)_3} ;

16 9 2

-

3

=B 3
Solution. ( ﬂ) 4 x[( é) 2
16 9




Example 4. Find the value of 4_g+ 1 gl s
(216) 3 (256) 4 (243) 5
Solution. 2 + = + 5
(216) 3 (256) 4  (243) 5
2 3 1

= 4(216)° + (256)* + 2(243)°

_2- 2 l 3xZ 4x1 5,<l
= 4(6°) + (4%)* + 23°)5 - 4(6 3] e 2(3 5)

=4(62) +43+2(31) =4 x 36+ 64 + 6
=144 + 64 + 6 = 214.

* Example 5. Evaluate: \E +(0.01)7/2 - (27)2/3 . Leave your answer as a fraction.

s 1 12 273 1 Y12 e
Solution. |7 +(0.01)1/2 - 27}/ = +(_) ~ (3

107

1

: n
e Lt 1)

= % +(100)1/2 - 32 [ - (u

1

2

1

2

+=(0p)" 29

+10-9==-+1=1

N =
N

‘ 132 9 \1/2
i Example 6. Simplify: (Zj - 3(8)2/3(4)° + (R) '

Solution. (%)—2 25 3(8)2/3(4)0 © ( 1% )—1/ 2 P 3.(23)2/3.1 ; ( 19(1)1/2

[.. 3 (l)n 0—}
ca"==| anda’ =1
a
21/2
=16—3x22x1+[(§)}

1653 % +72 =16- 124 =
3 3

Example 7. Simplify the following:
(i) 572 65" b et P o xi
1.5~ 2501 it x! o

g [ 2
(i) [x3+x3 x3 —1+x 31|.

. 5n+2 6 5n+l 5n 52 —6.5" 51
Solution. (i) : == —
135" —25M+1 135" — 25157

_ 55> -65) _25-30 _-5_ 5

BB a0E) <18 =10 = - & B




X ;‘;"_' m+n N n+l .\_, I+m
(i) o F ;.W

= (xm-mym+n, ('\.n--»l )+ I (xl~m ) l+m

e .\-"lzwllzh\dlz«’z'A-’2-II|2

Rl pdagly )l

= yMm=nten 4 =y0=1,

1 1Y 2 AT S e Su o WS R SR

e il 8 ... 2
(1) [.\'3 +x 3 x3-1+x3

X3.x3 -x3 +x3.x 34 3,x3 -y 34 X 3.x 3

ESIPE G W |
=xl-x3+x 34+x3-x 341
1

=x+xl=x4 =,
X

Example 8. If g = b2¥, b = c2Y gnd ¢ = 022, prove that xyz = % :

Solution. Givena =p2* . (i) p=c% (i) c=a2 -..(it)
Substituting the value of b from (ii) in (i), we get

a = (c)2x = c4ry

(i)
Substituting the value of ¢ from (jif) in (iv), we get
a = (a2Z)4xy=a8xyz
= al = a8z 1= gxy; (Assumea>0,2+1)
1 .
=5 % =
i 8
Example 9. If a* = b¥ = ¢z gnd b2 = ac, prove that y= ﬁ
z+x
Solution. Let a* = b¥ = ¢2 = k (say), then
e 1
a = kx,b=ky andc= kz.
ine 1
Given P =a=|kV| =kx.kz
o l+l
= kY = kx z=>g=l+l
e
2 .
= S — Z+_x=> =2i
y xz Z+x
Example 10. If abc = 1, show that
1 1 s .
I+a+b1  14b+c! 1+c+qal
vSolution. L : L
T+a+b1 14b+cl 1+c+4q7]
- 1 1+ 1 1+ 1 .
1+a+—= 1+b+=> 14c+-=
b c a :
b 1 1 1 1
o + + bc=1=>—=abandc=—)
b+ab+1 1+b+ab 1411 ( . c ab
: ab a

b 1 ab_ = b+l+ab _

+ = =1.
1+b+ab+1+b+ab ab+1+b 1+b+ab




oo
gxample 11. Ifx= Y28 and y= 377 , find the valye iy 1
. 1 A i*
Solution. X+ - 5——— =y, & el Bl T XS txy+y
X%+ xy + y2 Yy -2 555 (Note this step)
= R St
X+y Ty
=X+y- i
((28)l/3)3 _((27)173y3
=X+1y- X-y _ X -

Y=g Tty 1y |
=X+y-(x-y)=2y
=2x§/§7=2x(27)1/3 ‘

1
=2x (3%)3 =2x3l=¢,
Example 12. Given 1176 = 2P . 39. 77, find
(i) the numerical values of p, g and r (i) the value of 27.39.7" as a fraction. |

Solution. (i) Given 1176 = 2P.34.77

= 2x2x2x3x7x7=2r.3497"

= 23.31.72=2p.34.71

= p=3,gq=1landr=2. (See note page 11)

8x3 _24
72 49
Example 13. Solve the following equations for x:

(u) [%)I—Zx

5
Solution. (i) Given 42* = % = (22)2x = (%)

(ii) 2P.34.7-7=23 31 7-2 =

=417

: 1
42%~ .~ el
@ 32 27,

= 24x=25

= 4x=—5:>x=—%

3 l—2x 417
(i) Given (g) =%5 =

1-2x 1-2x

- -

=

1‘22" =-3 = 1=2x=-6

= 2x=-6-1=>-2x=-7T=>x=

EXERCISE 2.1
Simplify the following (1 to 9):

3
ol BIY7g
1. —
o ()
~ 3a , 2b
2. (l) -b_—l ;1—_:1'

(%)

s
27

NN

2

(i) (1 %)_5 .

(i) 59 x 41 + 8173,




[ 8 |
3 1 ] (i) (0.027) 3.

2/3 1\~2

27 1)
4, g i [22)77 (1
o] o (3.
-2 -1/2
5. (32)0 4 3-4 5 36 4 [ 1 o 95/2 _3(50 [ L
() (3)0+3-4x304 (3) (if) 95/2 - 3.(5) (_le
) -2/5 1
6. () 163/449(1 s e 1
@ 1674+2(3] " o i) vi-(5) +@(3] en
6 3 3 6
. M_(l}q (il 37 x4 7x97 x27
% 2 22 4 90 4 22
2 1 1
85 (32)5 x (4) 2 x(8)3 _ 52x46) y (25)T+2x
: 272+ (64)71/3 @) (1252

o

l
o Nl 3T a+b Y [ bec\P7C [ cra O
o (515 (5 o 5] =) (5

10. Prove the following:

; S B i xtytz _
@) @+b)1 @1+ — (i1) P T e B i = Xyz.

11. Ifa=c%b=a*and c =1, prove that xyz =1.
12. fa=xyP~1,b=xy7-land c = xy” -, prove that
ad-r.pr-°P.cP-9=1.

1l 1.1
. If2¥=3Y=6"% provethat -+ —+—- =0.
2. 9. -Z
2yz
If 2* = 3¥ = 122, prove that x = :
' L

. Evaluate x1/2.y1.22/3 whenx=9,y=2and z = 8.

. If x*y22% = 49392, find the values of x, y and z, where x, y and z are different positive
primes.

. Solve the following equations for x:
() 52+3=1 (i) (13)Vx =44_34_¢

3\ 125 e
(i) [\ng i () @57"2=1.

32

9n323n _(7)" 1

18. If = 5+ prove thatm=1+n.

33m_23
Answers
N 8 16 ’ . 1
1. () - (i1) = 2, (i) 5ab (u)'ZZ
: 1 b « 1 i 3
3. (i) 25 (if) 35 4, (i) S (i1) *124

5. () 19 (if) 231 6. (i)12 (i1) 27
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17.

|
(i7) 1
@) 1

(i) 4

8. (i) 4
15. 6

(iii) -7

jeeni g
(M-E
16. x=2,y=3,z=7

(iv) 4




